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Let n be a positive integer, and (, = e*. Then Cay €3, ..., C" = 1 are the roots of the
polynomial ™ — 1. One can ask the following questions:
« What is the factorisation of 2 — 1 into irreducible polynomials over Z[z]?

o What is the minimal polynomial of ¢, over Q?

To answer these questions, we introduce the cyclotomic polynomials. First, we need some
terminology:

Definition 1. Let z be a non-zero complex number and n a positive integer. Then z has
ordern if 2" =1, and 2 # 1 for all 1 < k < n.

For example, (,, has order n.
Lemma 2. Let z be a non-zero complex number, and n a positive integer. Then
(a) If z has order n, then z™ =1 if and only if n | m.
(b) z has order n if and only if z = C* for some 1 < k < n with ged(k,n) = 1.
Proof.

(a) Suppose z has order n. If n | m, z™ = (z")™"™ = 1. If 2™ = 1, we can write
m = gn+r where 0 <r <n. Then 2" = 2™(2")"9 = 1so r =0 as n is the order of
z,and 0 <r < n. Hence n | m.

(b) For the forward direction, assume z has order n. Then 2" = 1 so z = (* for some
1 <k <n. Let d = ged(k,n). Then 24 = ({(")*/? = 1 so n/d = n as z has order
n. Hence d = 1.

For the other direction, suppose z = ¢* for some 1 < k < n with ged(k,n) = 1. We
have 2" = (¢")* = 1, and if 2™ = 1, (¥ = 1 so n | km by part (a) since ¢, has
order n. Since ged(k,n) = 1, n | m. This shows that z has order n.



We now introduce the cyclotomic polynomials.

Definition 3. Let n be a positive integer. The n' cyclotomic polynomial is defined as

Cu(x):= J[ @-¢)= II (z-2).

1<k<n z has order n
ged(k,n)=1

For example, ®(z) = x — 1, and ®y(z) = 2 + 1. A priori, ®,, is only defined over the
complex number, but the following result shows that ®,, has integer coefficients.

Proposition 4. Let n be a positive integer. Then:

(a) We have the following identity:

din
(b) ®,(x) is a monic polynomial with integer coefficients.

Proof.

(a) The roots of ™ — 1 are exactly the non-zero complex z of order dividing n. Hence

2" —1=1]] II (@-2) =]]%ix)

dn z has order d dn

by definition of ®,.

(b) This is proven by induction on n. If n = 1, ®,(z) = = — 1 which has integer
coeflicients. Assume @, € Z[z| for all m < n. Then

" —1=,(z) [[ Pn(x).
dln
d#n
The second factor is monic and has integer coefficients by induction hypothesis.
Since " — 1 is monic and has integer coefficients, it follows that the quotient of

2" — 1 by [14n Pn(z) is monic with integer coefficients.
d#n

Example 5. Let p be a prime. Using part (a) of the proposition, we find that

P —1
ép(‘r) =

=2l a4 L
r—1



The cyclotomic polynomials are always irreducible, so part (a) of Proposition 4 gives the
factorisation of 2™ — 1 into irreducibles. Moreover, ®,, is the minimal polynomial of (,.

Theorem 6. The n'* cyclotomic polynomial ®,, is irreducible for all positive integers n.

Proof. (Not covered in class.) Suppose ®,(x) = f(z)g(x) where f, g € Z[z| are monic,
and f is irreducible. Let ¢ be a root of f. We show that f(¢"™) = 0 for all m > 1 coprime
to n from which it follows that f = ®,,, and that ®,, is irreducible. It is enough to consider
m = p where p is prime not dividing m because, in general, m = p; - - - p,, where py, ..., p,
are primes not dividing n, and applying the argument repeatedly shows that (P*, (P72,
ey (P1P2Pr = (" are roOtS Of f.

Assume for the sake of contradiction that (P is not a root of f. Then it is a root of
g, and ( is a root of g(a?). Since f is the minimal polynomial of ¢, g(z?) = f(z)h(z) for
some h € Zlzx].

Let I, denote the finite field with p elements, and ®,,, f, g, h € F,[z] the reductions of
®,, f, g and h modulo p respectively. Then f(x)h(z) = g(z?) = g(z)? from which we see
that f and g must have common irreducible factor ¢(z) in Flz]. But ®,(z) = f(z)g(z),
and @, | 2" — 1 so g(x)? | ™ — 1. This is a contradiction since 2" — 1 is separable over
F, when p t n. To explain the last argument in more details, g(z)? | 2™ — 1 implies

n—1

() | (e 1) = a1 s0
q@) | a(na"") —n(e" —1) =n

which is a contradiction because n is a non-zero constant in F,[x] when p { n. ]
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Problem 1.
(a) Let p be a prime and n a positive integer. Show that @, (z) = &, (2P ).

(b) Let n be an odd positive integer. Show that ®y,(z) = —®,(—z) if n = 1, and
Dy, (x) = O, (—2) if n > 3.

(c) Determine ®,(z) for n = 3,4,5,6,8,9,12.

Problem 2. Let n be a positive integer. Suppose a is an integer, and p is a prime such
that p | ®,(a). Show that either p | n, or a has order n modulo p.

[Hint: Show that if a does not have order n, then ™ — 1 = f(x)g(x) where f,g € Z[z],
and p| f(a),g(a). By differentiating both sides, show that p | n.]

Problem 3. Let n be a positive integer. The aim of this exercise is to show that there
are infinitely many primes p such that p =1 (mod n).

(a) Let f(x) € Z[z] be a non-constant polynomial. Show that there infinitely many
primes p such that p | f(a) for some integer a.

(b) Show that there are infinitely many primes p =1 (mod n).
Problem 4. Let p be a prime.

(a) Prove FEisenstein’s criterion: Let f(x) = a,2" + ap_12" ' + -+ + a1z + ag be a
polynomial with integer coefficients such that p { a,, p | ag, a1, ...,a,_1 and p? { ao.
If f = gh where g, h € Z[x] for some f, g € Z|x], then g or h is constant.

(b) Prove that the p™ cyclotomic polynomial ®,(z) is irreducible.

Problem 5. Let i denote the Mébius function:
1 ifn=1

pu(n) = < (=1)* if nis a product of k distinct primes .

0 otherwise

Show that for all positive integers n, we have

P, (z) = [J(z* - 1)rn/d),
dln
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Problem 1.
(a) Let p be a prime and n a positive integer. Show that @, (z) = &, (2" ).

(b) Let n be an odd positive integer. Show that ®y,(z) = —®,(—z) if n = 1, and
Dy, (x) = O, (—2) if n > 3.

(¢) Determine ®,,(x) for n = 3,4,5,6,8,9,12.
Solution.

(a) We use induction on n. It is clear for n = 1. For the induction step, have

" = 1= By (x) [] 0 () = Bpe() (a7 = 1)
j=0
SO N
P —1 (xP" )P —1 n—1
Cp(0) = = =~ = D@ )

(b) We again proceed by induction. The case n = 1is easy: ®o(z) = 2+1 = —(—2+1) =
—®,(—x). To perform the induction step, we write

2 —1 =[] ®alz) =[] Pa(z) [ P2a()

d|2n dln dln
d#n

Then observe that [Iy,, ®4(z) = 2™ — 1, and, by induction hypothesis,

L _x:_(—:v)"—lzx”+1
!lg @gd(x) = E q)d( ) @n<—f£) (I)n(—:L‘) .
d#n d#n

In the first equality, the minus sign comes from d = 1, and in the last equality, we
use that n is odd. Now, rearranging gives

P, (—z)(z* — 1)
(a7 —1)(z" + 1)

Dy, () = =, (—x).

(c) Using the fact that ®,(z) = 2Pt 4+ 2P 24 .. +1 for p prime, and parts (a) and (b)
above, it is easy to see that
Ps(z) =2+ +1 Pg(z) =2 —x +1
Py(r) =2 +1 Pg(w) =2 + 1
Os(z) =2+ + 2+ +1 Py(x) =2+ 2%+ 1.
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To compute @4, we factorise z2 — 1:
22— 1= (25 - 1) (2% + 1)
=@ - 1)(@ + 1)+ (' —2? +1)
= (- +2+ D@+ -+ D)@+ D@t — 22 +1)

The first five factors, we recognise as @1, 3, Py, Pg and P4 respectively, so in light
of the identity, ' — 1 = [Ig10 Pa(z), Pr2(z) = ' — 2 4+ 1.



Cyclotomic polynomials Problems with solutions RMM camp December 2024

Problem 2. Let n be a positive integer. Suppose a is an integer, and p is a prime such
that p | ®,(a). Show that either p | n, or a has order n modulo p.

[Hint: Show that if a does not have order n, then ™ — 1 = f(x)g(x) where f,g € Z[z],
and p| f(a),g(a). By differentiating both sides, show that p | n.]

Solution. Suppose a has order m < n modulo n. Since ®,(a) | a” — 1, we have a" = 1
(mod p) so m | n. Moreover,

pla™—1= H(Pm(a)
dlm

so p | ®4(a) for some d | m. Since m | n, and m < n, d is proper divisor of n. Now take

fla) = Bu(x) and g(x) = ] Balo).
i
so that 2" — 1 = f(z)g(x), and p | f(a),g(a). Differentiating both sides and inserting
T = a gives
na"~! = f'(a)g(a) + f(a)g'(a)
so p | na™*. We now show that p { a, from which it follows that p | n. Suppose p | a.
Then ®,(0) = ®,,(a) =0 (mod p). But

e,000= [ (=¢)
1<5<n
god(j,m)=1

is a complex number of modulus 1 and an integer so ®,,(0) = +1, and clearly ®,,(0) # 0
(mod p).
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Problem 3. Let n be a positive integer. The aim of this exercise is to show that there
are infinitely many primes p such that p =1 (mod n).

(a)

(b)

Let f(z) € Z[x] be a non-constant polynomial. Show that there infinitely many
primes p such that p | f(a) for some integer a.

Show that there are infinitely many primes p =1 (mod n).

Solution.

(a)

Suppose f(z) = apa™ + -+ + a1z + ap. If ap = 0, then f(0) = 0so p | f(0) for all
primes p, and we are done. Therefore, assume ag # 0. Since f is non-constant, we
can find n such that |f(n)| > 1 so f(n) has a prime factor p. Suppose py, ..., p, all
divide some value of f. Let N = p;---p,. For any integer k, we have

f(kagN) = an(kagN)" + - - - + a1 (kaoN) + ag
= ag(anay ' (kN)" 4 - + a1 (kN) +1).

Since a,af ' # 0, we can choose k such that a,af '(EN)* 4 --- + a;(kN) + 1 is
greater than 1 in absolute value. Therefore, it has a prime factor p. If p is one of
Pi, ..o, Pr, then p | N, and so p divides a,af ' (kN)"+---+ay(kN), a contradiction.
Hence we have found a new prime p dividing a value of f, and continuing this way,
we find infinitely many.

By part (a), there are infinitely many primes p such that p | ®,(a) for some integer
a, and p {n. By Problem 2, a has order n modulo p. In particular, n | ¢(p) = p—1,
ie. p=1 (mod n).
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Problem 4. Let p be a prime.

(a) Prove Eisenstein’s criterion: Let f(x) = a,2" 4+ ap_12" ' + -+ + a1z + ag be a
polynomial with integer coefficients such that p { a,, p | ao, a1, ...,a,_1 and p? { ao.
If f = gh where g, h € Z[x] for some f, g € Z|[x], then g or h is constant.

(b) Prove that the p™ cyclotomic polynomial ®,(z) is irreducible.
Solution.

(a) Suppose f(z) = g(x)h(z) where h, g € Z[z] are monic and non-constant. Write
g(x) = bpa® + bp_1 2"+ -+ by and  h(z) = qrl + iz - F e
Comparing the coefficients of f and gh gives
a; = bjco +bj_1c1 + - + by

for all i = 0,1,...,n — 1 (here b; = 01if j > k, and ¢; = 0 if j > [). Taking i = 0,
this gives ag = bycy so exactly one of by and ¢q is divisible by p. Without loss of
generality we can assume that p | by, and p 1 ¢o. From the relation

bico = a; — bi_1c1 — -+ — byc;

it follows by induction that p | b; for all i = 1,...,n — 1. Since k < n, p | ¢, which is
a contradiction since a,, = by¢; is assumed to be coprime to p.

(b) We have

d,(r41) = (@+1p -1 — - <p>xj—1'

x S\

Since p 1 (z) =1,p| (?) for j=1,....,p—1, and p*¢ (’1’) = p, Eisenstein’s criterion
applies. Since ®,(x + 1) is monic, it is therefore irreducible over Z and hence over
Q (by Gauss’ lemma). It follows that ®,(z) is irreducible.
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Problem 5. Let p denote the Mébius function:

1 ifn=1
p(n) =< (=1)* if n is a product of k distinct primes .

0 otherwise

Show that for all positive integers n, we have

®,(x) = [[(a — 1)/,

dln

Solution. We can write the right hand side as

H H (x —2)™

dln  z has order d

where, if z has order d,
n
e d;n,u (Tfl;/d) B %M(e)

We claim that this is 0 if d < n and 1 if d = n. It is clearly 1 if d = n so assume d < n.
Let n/d = p{* - - - p& be the prime factorisation of n/d. Then

r

SHO=1HY X ) =1+ X)) = 0 )y =0

el k=1 1<ii<-<ip<r

as desired. Hence

[[! =D =" [ (z—2) =)

din z has order n

by definition of ®,,.
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Let C = {x +iy : x,y € R} denote the set of complex numbers. This is closed under
addition, multiplication and division.

Definition 1. A subset F' C C is called a field (or a subfield of C) if
1. 0,1 € F;
2. x,y € F implies x +y,zy € F, and z/y € F if y # 0.
Examples are Q and C.
If F'is a field, F[z] denotes the set of polynomials with coefficients in F', i.e. expressions
of the form a,z" + a,_12" ' + --- + ay where a; € F for i = 0,1,...,n. We are often

interested in solving equations of the form f(x) = 0 where f € F[z], e.g. over Q we could
consider the equations 22 +1 =0, 2% — 2 = 0 etc.

Definition 2. Let F' C C be a field. An element o € C is algebraic over F if there exists
a non-zero polynomial f € F[x] such that f(a) = 0. The set of elements of C that are
algebraic over F is denoted F'.

Example 3. 1, V2, ¥/2 and /2 + 1 are algebraic over Q. The numbers e and 7 are not
algebraic over Q, but this is harder to show.

Theorem 4. If F C C is a field then F is also a field.
Proof. Omitted. O

If an element a € C is algebraic over F, we can ask which polynomials f € F[z] can
have « as root. Recall that a non-constant polynomial f € F[z] is irreducible if whenever
f = gh for some polynomials g, h € F[z|, g or h is constant.

Proposition 5. Let F' C C be a field and o € C algebraic over F. Then there exists a
unique monic irreducible polynomial f € F|x] having a as a root. Moreover, if g € F|x]
is any polynomial with g(a) = 0, then f(z) divides g(x) in Flx].

1



To prove the theorem, we need

Lemma 6. Let ' C C be a field, and f,g € F[z| with f # 0. Then there exist unique
q,7 € Flz] such that g(z) = q(x)f(x) + r(z), and degr < deg f.

Remark. Our convention is that the degree of the zero polynomial is —oo.

Proof. 1f deg g < deg f, we can take ¢ = 0 and r = g. Otherwise, we proceed by induction,
the induction start being degg < deg f. Let g(z) = a,2" + ap_12" 1 + -+ + a1z + ag
and f(x) = bpa™ + by12™ L + -+ + biw + by where a,,b, # 0 and n > m. Then
g(z) — 322" ™ f(x) has degree less than deg g so by induction hypothesis, g(z) — = f(z) =

m

q(z)f(z) + r(x) for some q,r € Fx] with degr < deg f. Hence

g(x) = (q(x) + me> £(2) + ().

m

This completes the induction. To show that ¢ and r are unique, suppose we also had
9(x) = q(z)f(x)+r1(z) where ¢, r1 € Flz] and degry < deg f. Then (q1(z)—q(z))f(z) =
r(x) — ra(z). The right hand side has degree strictly less than deg f so we must have
¢1(z) — q(x) = 0. Hence ¢; = ¢, and | = 7. O

Example 7. The proof tells us how to perform division with remainder in practice. Show
an ezample on the board with f(x) = x*+ 1 and g(z) = z* + 323 + 2z + 1.

We can now prove existence and uniqueness of minimal polynomials.

Proof of Proposition 5. Let f be a non-constant monic polynomial having « as root. We
can choose f of minimal possible degree. If f = gh for some polynomials g, h € F[z], we
have g(a) = 0 or h(a) = 0. WLOG g(«) = 0. Since f has minimal degree, deg g = deg f
so h must be constant. Hence f is irreducible. If g is any polynomial having « as a root, we
can write g(z) = q(z) f(x) +r(z) where degr < deg f. Then r(«a) = g(a) — q(a) f(a) = 0.
Since degr < deg f, r = 0 by minimality of deg f. So f divides g. In particular, if ¢ is
monic and irreducible, this implies that f = ¢ which shows uniqueness. O
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Problem 1. For the following polynomials f, g € Q[z], find polynomials ¢, € Q[z] such
that g(x) = q(x) f(z) + r(z), and degr < deg f.

(i) f(x) =z +1and g(z) = 2° + Tz + 2;
(i) f(z) =2*+3x+ 1 and g(z) = 2° + 42* + 3z + 1.

Give an example of polynomials f, g € Z[z] such that there does not exist ¢, € Z[z] with
g(x) = q(z)f(z) + r(x), and degr < deg f.

Problem 2. Let f,g € Z[x] such that f(n) divides g(n) for all integers n. Show that
there exists a non-zero M € 7Z and ¢ € Z[x] such that Mg(x) = f(x)q(z). Is it always
possible to take M =17

Problem 3. Let
Q(WV2) ={a+bV2 : a,b e Q}.

Show that Q(+/2) is a field and is the smallest subfield of C containing Q and /2.

Problem 4. Determine, over Q, the minimal polynomial of the following numbers:

vi, S s it

What is the minimal polynomial of v/2 + /3 over Q(v/2)?

Problem 5. Let n be a positive integer not divisible by 2 or 3. Show that for all integers
k, (k+1)" — k™ — 1 is divisible by k¥* + k + 1.

Problem 6. Let P € Z[x] be an irreducible polynomial with integer coefficients. Assume
that P has two different roots whose product is 1. Prove that P has even degree.

Problem 7. Let A =772, 1077, Show that A is not algebraic over Q.
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Problem 1. For the following polynomials f, g € Q[z], find polynomials ¢, € Q[z] such
that g(x) = q(x) f(z) + r(z), and degr < deg f.

(i) f(x) =z +1and g(z) = 2° + Tz + 2;
(i) f(z) =2*+3x+ 1 and g(z) = 2° + 42* + 3z + 1.

Give an example of polynomials f, g € Z[z] such that there does not exist ¢, € Z[z] with
g(x) = q(z)f(z) + r(x), and degr < deg f.

Solution.
(i) 2*+7x+2=(22—2+8)(x+1) — 6
(i) 2° +4a2* + 3z + 1= (2% + 2% — 4o + 11)(2? + 3z + 1) — 26z — 10.

Suppose f(z) = 2 and g(z) = z. If we had g(z) = q(z)f(x) + r(z) for some ¢,r € Z[x]
with degr < deg f, r = 0 because deg f = 0. Hence x = 2¢(x) so in particular 1 = 2¢(1)
which is impossible since ¢(1) is an integer.
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Problem 2. Let f,g € Z|[x] such that f(n) divides g(n) for all integers n. Show that
there exists a non-zero M € 7Z and ¢ € Z[x] such that Mg(x) = f(x)q(z). Is it always
possible to take M =17

Solution. Using polynomial division in Q[z], we can write g(x) = q(x)f(z) + r(z) for
some polynomials ¢, 7 € Q[z] with degr < deg f or r = 0. Choose a non-zero M € Z such
that Mq, Mr € Z|z]. Hence Mg(x) = Mq(z)f(x)+Mr(z), and we find that f(n) | Mr(n)
for all integers n. Have deg Mr < deg f so |Mr(n)| < |f(n)| for all n sufficiently large.
But f(n) divides Mr(n) so this is only possible if r(n) = 0 for all n sufficiently large.
Hence r = 0.

It is not always possible to take M = 1, for example if f(x) =2, and g(z) = z(x + 1).
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Problem 3. Let
Q(V2) ={a+bV2: abeQ}.

Show that Q(\/§) is a field and is the smallest subfield of C containing Q and /2.

Solution. It is clear that 1,0 € Q(v/2), and that Q(v/2) is closed under addition. If
ar + biv/2, a5 + by/2 € Q(ﬁ)» we have

(a1 + bl\/a)(az + bz\/i) = a1ag + 2b1by + (a1be + CLle)\/E € Q(\ﬁ)
If a + bv/2 € Q(v/2) is non-zero,

1 a—bv2 a b
a—i—bﬂz (a+bv2)(a — bv/2) T a2 _a2—2b2\/§€@(\/§)

so Q(v/2) is a field. It is clear that any subfield of C containing Q and /2 must contain
a+bv2 for all a,b € Q so it is indeed the smallest subfield of C with this property.
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Problem 4. Determine, over Q, the minimal polynomial of the following algebraic num-
bers:

i, Y i

What is the minimal polynomial of v/2 + v/3 over @(\/5)7

Solution. The first three elements listed are roots of 22 — 2, 22 + 2 + 1 and 2® — 2 re-
spectively. These polynomials are all irreducible over Q because they have no rational
roots so they are the respective minimal polynomials.

To determine the minimal polynomial of the fourth element, we note that
(V2+V3)?—5=2V6

so it is a root of the polynomial
(22 = 5)? — (2v6)? = 2* — 102” + 1.

To show that this is the minimal polynomial over Q, we must show that it is irreducible
over Q. It has no rational roots, so this happens only if it is a product of two quadratic
polynomials, and one of them must have v/2 + v/3 as a root. By the same argument as
above, we see that +1/24+/3 are the four roots of 22— 1022+ 1. This means that we have
found a quadratic polynomial with V2 + /3 as a root and one of —v/2 + /3, V2 — /3
and —v/2 — /3 as the other root. But the sum and product of the roots must be rational
numbers, and we can check this is not possible.

Over Q(v/2), v/2 ++/3 is the root of (z — v/2)? — 3 = 22 — 2y/2x — 1. This is irreducible,
because otherwise v/2 +v/3 € Q(v/2) so v/3 € Q(v/2) which we can check is not possible.
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Problem 5. Let n be a positive integer not divisible by 2 or 3. Show that for all integers
k, (k+1)" — k" — 1 is divisible by k% + k + 1.

Solution. Let w = ’1%‘/?3 In Problem 4, the minimal polynomial of w was determined
to be 22 + z + 1. Hence we would be done if we can show that (w+1)" —w" — 1 =0
when n is coprime to 6 since then z? + x + 1 divides (z + 1)" — 2™ — 1 in Z[z]. Have
w~+ 1= —w? so, because 21 n, (w+1)" —w" — 1 = —w?* —w" — 1 = 0 since when 3 { n,

{w, W} = {w,w?}.
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Problem 6. Let P € Z[z] be an irreducible polynomial with integer coefficients. Assume
that P has two different roots whose product is 1. Prove that P has even degree.

Solution. Suppose P(a) = P(1/a) = 0 for some complex number « # 0, £1. Then if a is
the leading coefficient of P, éP(a:) is the minimial polynomial of o over Q. But « is also
a root of #"P(2) so this polynomial is divisible by P(z) in Q[z]. Since they have equal
degrees, we find that x”P(%) = ¢P(x) for some non-zero rational number ¢. It follows
that if § is any other root of P then 1/ is also a root of P. Since P is irreducible of
degree at least 2, it has no rational roots so 1/ # /3 because otherwise § = +1. Hence
we may pair the roots of P as (f,1/f), and therefore P has an even number of roots so
it has even degree.
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Problem 7. Let A =372, 107", Show that A is not algebraic over Q.

Solution. Suppose for the sake of contradiction that A is algebraic over Q. Let f(z) €
Q[z] denote its minimal polynomial, and n = deg f its degree. By scaling, we can assume
that f € Z[z]. Write f(z) = a,2™ + ap_12" ' + -+ + ag where ag, ..., ap_1, a, € Z.

We start by noting that n > 1 because A is irrational since its decimal expansion contains
arbitrarily long blocks of zero so if it eventually became periodic, it would eventually
consist of zeroes which is not case.

Let s, = 3270, 107" denote the m™ partial sum of the sum defining A. The idea is to
estimate f(s,,) in two different ways that leads to a contradiction. We can write s,
as rational number whose denominator is of size at most 10™. Since f is irreducible of
degree at least 2, f(s,,) # 0. Since f has integral coefficients, f(s,,) is a non-zero rational
number whose denominator is of size at most 10»™. Hence |f(s,,)] > 107"™. On the
other hand,

= [$m — Al D Jal[sh, o+ N
=0
< Clsm — Al
where C' = Y7 i|a;| > 0 is a constant only depending upon \. But |s,, — A| < 10~(m+1)!

so, for all m > 1, we have
107n-m! S ClO*(N’H*l)!

which can be rewritten as
10(m+1—n)~m! < C

for all m > 1. This is clearly a contradiction.



Primitive roots
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Let n be a positive integer. Recall that if a is coprime to n then
a?™ =1 (mod n),

and the least positive integer d such that a? =1 (mod n) is called the order of a modulo
n and is denoted ord,(a). Using division with remainder, we have ord,(a) | ¢(n).

Conversely, if d | ¢(n), one can ask if there is an a such that ord,(a) = d. This is not
always true, but we will see that if n = p” or n = 2p" for an odd prime p and integer r > 1,
then the answer is yes. In particular, we can find an element a of order maximal possible
order ¢(n). Such an a is called a primitive root modulo n, and the coprime residue classes
modulo n are a®,a',...,a?™~!. For this reason, we also sometimes call a a generator
modulo n.

Notation. (Z/nZ)* denotes the residue classes modulo n coprime to n.

We start with the case when n = p is a prime. We show that primitive roots exist using
a counting argument. Recall the following useful lemma:

Lemma 1. Let f(X) € Z[X] be a polynomial of degree d whose coefficients are not all
divisible by p. Then the congruence

f(X)=0 (mod p)
has at most d solutions.

You can prove this by induction on d and polynomial division. Note that the Lemma is
not true if p is not assumed to be prime, e.g. 22 — 1 has 4 roots modulo 8.

If p is prime, p(p) = p — 1, and for each divisor d | p — 1, we set Sy = {a € (Z/pZ)* :
ord,(a) = d}. Our goal is to show that S; # ) for all d.



Lemma 2. If there exists a € Sy then
Syg={a":1<i<d, ged(i,d) =1}.
In particular, we have |Sq| = 0 or |S4| = o(d).

Proof. Consider the polynomial f(X) = X? — 1. Since a has order d, 1,a,...,a®"! are
all distinct and solutions to f(X) = 0 (mod p). By the above Lemma, they are all the
solutions to this congruence. So if b € Sy, b = a' for some 0 < i < d. Since b has order d,
ged(d, i) = 1. O

Theorem 3. Let p be a prime. Then |Sq| = ¢(d) for all divisors d | p— 1. In particular,
there exists a primitive roots modulo p.

Proof. By the previous Lemma, |Sy| = 0 or [S4| = ¢(d) so |S4| < ¢(d). Each a € (Z/pZ)*
is contained in Sy for some d | p — 1. Hence

p=1= 3 1Sl< > ¢d).

dlp—1 dlp—1

To evaluate the last sum, suppose p — 1 has prime factorisation ¢i* - - - ¢¢~ then, since ¢ is
multiplicative (¢(mn) = p(m)e(n) if ged(m,n) = 1), we have

T

> old) =TT+ ol@) + -+ o(g))
dp—1 i=1

— IO+ (G —1)+ -+ (g — g™

Hence p — 1 = 34,15 < p— 1, so must have had |Sy4| = ¢(d) for each d [p—1. O
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Problem 1. Let p be an odd prime.

(a) Show that if g is a primitive root modulo p then one of g and g + p is a primitive
root modulo p?.

(b) Show that if g is a primitive root modulo p? then g is a primitive root modulo p"
for all r > 2.

(c) Show that there exists a primitive root modulo 2p” for all odd primes p and positive
integers r.

(d) Show that if n # 1, 2, 4, p" or 2p” for an odd prime p and integer r > 1 then
a?™/2 =1 (mod n) for all a € (Z/nZ)*.

Problem 2. Let p be an odd prime and a an integer not divisible by p. Show that a is a
quadratic residue modulo p if and only if a is a quadratic residue modulo p” for all » > 2.
[Hint: Use part (a) and (b) of Problem 1.]

Problem 3. Let p be an odd prime, r a positive integer, and k£ any integer.

(a) How many solutions are there to the congruence ¥ =1 (mod p")?

(b) For how many a € (Z/p"Z)* does the congruence z* = a (mod p") have a solution?
Problem 4. Determine all positive integers n such that

n|1"+2"4+---(n—1)" —1.

Problem 5. Let a and b be integers such that for all sufficiently large primes p, there
exists a permutation ¢y, ...,c,—1 of 1,...,p — 1 for which

p | ac; + beiq

foralli=1,...,p — 2. Show that a = b = 0.



Primitive roots Problems with solutions RMM camp December 2024

Problem 1. Let p be an odd prime.

(a) Show that if g is a primitive root modulo p then one of g and g + p is a primitive
root modulo p?.

(b) Show that if g is a primitive root modulo p? then g is a primitive root modulo p"
for all r > 2.

(c) Show that there exists a primitive root modulo 2p” for all odd primes p and positive
integers r.

(d) Show that if n # 1, 2, 4, p" or 2p” for an odd prime p and integer r > 1 then
a?™/2 =1 (mod n) for all a € (Z/nZ)*.

Solution.

(a) Let d be the order of g modulo p?. Since g¢ =1 (mod p),p—1|d. Sod=p—1or
d=pp—1)asd|p(p?) =plp—1). Ifd=p(p— 1), we are done so suppose that
d=p—1. Then

(g+pP =g "' +(@—-1p=1-p#1 (modp’
so g + p has order p(p — 1) modulo p?.

(b) We proceed by induction on r. The case r = 2 is true by assumption. Suppose that
g is a primitive root modulo p” where r > 2. The same argument as in (a) shows
that g has order p"~!(p — 1) or order p"(p — 1) modulo p" ™, and we must show that
the latter is the case.

Let h = ¢ @Y. Our task is to show that h? # 1 (mod p’*'). Hay
(mod p"') by Euler’s theorem, and h # 1 (mod p") because g has order p”
modulo p". So h =1+ kp"~! where p { k. By the binomial formula,

e h 1
“(p-1)

WP = (14 kp" Y =14+kp"#1 (modp ™)

where we use that p > 2 to get p"* | (g) (kp™=1)2. This is what we wanted.

(c) Let g be a primitive root modulo p”. Considering g+ p” if necessary, we can assume
that ¢ is odd so g is coprime to 2p". If g has order d modulo 2p", g? =1 (mod p")
as p" | 2p" so (p— 1)p"! | d. Since d | (2p") = (p — 1)p" !, we have d = ¢(2p") so
g is primitive root modulo 2p".
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(d) Suppose n # 1, 2, 4, p" or 2p". We consider two cases.

Case 1: n is a power of 2. Then n = 2* k > 3. Suppose a is odd. We show
by induction on k that a2 * = 1 (mod 2¥). The case k = 3 is easy to check. If

ok—2

a> " =1 (mod 2%) then

2k72 2k72

@ 1= 1)@ +1)=0 (mod 28
since the first factor is divisible by 2*, and the second factor is certainly divisible by
2. This completes the induction, and we see that no a can have order ((2%) = 2~k~1

modulo 2*.

Case 2: n is not a power of 2. Then we can write n = wv where u,v > 2
are coprime. Have p(n) = ¢(u)p(v), and both factors are even. Hence, by Euler’s
theorem,

a¥™/2 — (aw(u))w(v)/2 =1 (modu), and a¥M/2 — (aw(v))w(w/? =1 (mod ).

Since u and v are coprime, a®™/2 =1 (mod n).
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Problem 2. Let p be an odd prime and a an integer not divisible by p. Show that a is a
quadratic residue modulo p if and only if a is a quadratic residue modulo p” for all r > 2.

[Hint: Use part (a) and (b) of Problem 1.]

Solution. The implication < is clear. For the other direction, suppose that a is a square
modulo p, and that > 1. Let g be a primitive root modulo p. By (a) and (b) of Problem
1, g or g+p is a primitive root modulo a. Hence there exists k such that a = g* (mod p")
or a = (g+p)¥ (mod p"). In either case, a = g* (mod p). Since a is a square modulo p,
k is even. But then a is also a square modulo p".
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Problem 3. Let p be an odd prime, r a positive integer, and k any integer.

(a) How many solutions are there to the congruence z* = 1 (mod p")?

(b) For how many a € (Z/p"Z)* does the congruence x* = a (mod p") have a solution?

Solution.
(a) Let d = ged(k, p(p")). Then
"=1 (modp”) <= 27=1 (modyp").

Why? For the forward direction, write d = ak + bp(p") for integers a and b. Then
r? = (2F)?(2¥®"))® =1 (mod p"). The reverse direction follows from d | k.

So we should count the number of solutions to ¢ = 1 (mod p"). Let g be a prim-
itive root modulo p". Each residue class modulo p” coprime to p can be uniquely
represented by ¢¢ for some i € {0,1,...,0(p") — 1}. Have (¢)¢ = 1 (mod p") if
and only if ¢(p") | id. Since d | ¢(p"), we see that there are p(p")/(p(p")/d) = d
possibilities for 7 so this is the answer.

(b) We have a map (Z/p"Z)* — (Z/p"Z)*, x — z*. If we fix a, then 2F = a* (mod p")
if and only if (za~')* =1 (mod p"). By (a), there are d = ged(k, p(p")) possibilities
for x. So each fibre of this map has size d. Hence the size of the image is ¢(p")/d.
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Problem 4. Determine all positive integers n such that
n|1"+2"+---(n—1)"—1.

Solution. Suppose that n > 1, and n divides 1" + 2" + .-+ (n — 1)" — 1. Let p be a
prime factor of n. Then

p—1
0=1"+2"+ -+ (n—1)"—1=-3k"—1 (mod p). (1)
D=
We show that p — 1 | n. Assume otherwise. Let g be a primitive root modulo p. Then

-1 p72 3 gn(pfl) — 1
k=) ¢"=7——— (mod p).
i=0 gr—1

P
k=1

Since g has order p — 1 modulo p, and p — 1 { n, it follows that this is 0 modulo p. But
then (1) gives 0 = 0-1=-1 (mod p), a contradiction. Then p — 1 | n, and so

p—1 p—1
Y k"=>1=-1 (mod p).
k=1 k=1

Now (1) implies that p | % + 1 for any prime p dividing n. In particular, n is square-free
SO we can write n = pips---p, where p; < ps < ... < p, are distinct primes. Moreover,
the above shows that n | 1" +2" 4+ .-+ (n — 1)" — 1 is equivalent to

pi—1|n and pz‘|ﬁ+1 foralle=1,..,r (2)
p.

7

Note that p; — 1 | n implies p; — 1 | p1 -+ - p;_1. This forces p; = 2, and if r = 1, we must
have n = 2 which satisfies (2). For r > 2, we have

r>2=py,—1|2=py=3. Soifr =2 n=2-3=06 which satisfies (2).

r>3=p;—1|6=p3=7. Soif r=3,n=06-7=42 which satisfies (2).

r>4=p,—1|42=py =43. Soif r =4, n =42 -43 = 1806 which satisfies (2).

r > 5= p; — 1] 1806. Therefore

ps € {2-434+1,2-3-43+1,2-7-43+1,2-3-7-43+1} = {3-29,7-37,3-301,13-139}
which is impossible since ps is prime.

Hence the answer is n = 1, 2, 6, 42 and 1806.
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Problem 5. Let a and b be integers such that for all sufficiently large primes p, there
exists a permutation cy, ...,c,—1 of 1,...,p — 1 for which

p | ac; +beip
foralli =1,...,p — 2. Show that a = b = 0.

Solution. Suppose that a and b are not both zero. Then both are non-zero. For all
p > |b| large enough, the condition can be rewritten as ¢;y1 = (—ab™')¢; (mod p) for all
i=1,...,p—2. Then ¢; = (—ab™')""l¢; (mod p) foralli=1,...p—1so —ab~! must be a
primitive root modulo p. So —ab~! is a primitive root modulo all sufficiently large primes.

To show that this is not the case, suppose that —ab is a square modulo p, and p 1 ab Then
—ab™! = —ab(b')? is a square modulo p as well, say —ab™' = ¢* (mod p). But then
(—ab‘l)p%l = "' =1 (mod p), a contradiction. Therefore, we would be done if we can
show that —ab is a square modulo infinitely many p.

Consider f(X) = X? + ab. We must show that for infinitely primes p, p | f(n) for some
integer n. Taking n such that f(n) > 1 and p a prime factor of f(n) gives us one such p.
Suppose that p1, ..., px divide some f(n). Then, for N > 1 to be determined,

f(@bNpy -+ pi) = abab(Npy - - pi)* + 1).

If we choose N such that |ab(Npy -+ pg)? + 1| > 1, ab(Np; - - - pr)? + 1 has a prime factor
Pr+1 Which is not among py, ..., px. This completes the solution.



Problem 1. Find all functions f : R — R such that

f@®) = fy*) < (f(2) +y)(x = f(y))
holds for all x,y € R.

Problem 2. Find all functions f : R — R such that
flzy) <yf(x)+ fy)
holds for all x,y € R.
Problem 3. Find all functions f : R — R such that
rf(y) +fx+y) = (y+1)f(x) + f(y)
holds for all x,y € R.
Problem 4. Find all functions f: R — R such that
(x —y)(fl@) + fy) < f(2* =)
holds for all x,y € R.
Problem 5. Find all functions f : R>g — R such that
z +2max{y, f(z), f(2)} = f(f(2)) + 2max{z, f(y)}
holds for all z,y, z € R.
Problem 6. Prove that there is no such function f : R — R such that
flx=fy) <z —yfle)

holds for all z,y € R.

Problem 7. Let R* denote the set of positive real numbers. Find all functions f : Rt — R* such
that for each x € R, there is exactly one y € RT satisfying

zf(y) +yflz) <2
Problem 8. A function f: R — R satisfies

[l +y) <yfx)+ f(f(z))

for all z,y € R. Prove that f(x) =0 for all x <O0.

Problem 9. Let R be the set of positive real numbers. Determine all functions f: Ryy — R such
that

r(f(x)+ f(y) = (f(f(z) +y) f(y)

for every x,y € R..



Let n,x,y be integers, n > 0, and p a prime with p t z,y. Then:
If p is odd:

o If p|x—y, then v,(2" —y") = v,(z — y) + v,(n).
o If p|z+y and nis odd, then v,(z" +y") = v,(x + y) + v,(n).
e If p| z+y and n is even, then v,(z" + y") = 0.
If p=2:
o If 2|z —y and n is even, then vy(z" — y") = u(x — y) + va(z + y) + v2(n) — 1.

e If 2|z —y and n is odd, then vy(2" — y™) = a(x — y).
Problem 1. Find all positive integers n such that n"~! — 1 is divisible by 220¥5 but not by 22016,

Problem 2. Find all triplets (a, b, p) of positive integers, such that p is prime and

@’ + B = pl.

Problem 3. Find all pairs (p, q) of positive integers such that
pq | 5 + 5.

Problem 4. Let k£ > 1 be an integer. Show that there exist infinitely many positive integers n such
that

n|1" 42" 43"+ + k"
2"+l

1 is an integer.

Problem 5. Find all positive integers n such that =

Problem 6. We call an infinite set S C N good if for all pairwise different integers a,b,c € S, all
positive divisors of “::Zc are in .S. for all positive integers n > 1, prove that there exists a good set S
such that n & S.

Problem 7. Prove that for all positive integer n, there is a positive integer m that 7 | 3™ + 5™ — 1.
Problem 8. Find all triples (a, b, p) of positive integers with p prime and
a? = bl + p.

Problem 9. Find all functions f : N — N such that the following holds:
e there exists a positive integer M such that f(n) # 1 for all n > M;

o fla)" | fla+b)*""" — f(b)*" " for all positive integers a,b,n .
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Problems

Problem 1 (NWERC24). Alex and Daniel are playing a game. First Alex chooses a
function f: {1,2,...,10°} — {1,2,...,10%}. Then Daniel can ask a series of questions
of the form

What is the value of f¢(r)?

where 1 < ¢,r < 10°. Prove that if Alex always answers honestly, then Daniel can ask at
most 1000 questions and then guarantee that some question has answer c.

Problem 2 (APMOO04/P3). Let a set S of 2024 points in the plane be given, no three
of which are collinear. Let £ denote the set of all lines (extended indefinitely in both

directions) determined by pairs of points from the set. Show that it is possible to colour
the points of S with at most two colours, such that for any points p, ¢ of .S, the number
of lines in £ which separate p from ¢ is odd if and only if p and ¢ have the same colour.

Problem 3 (IMO23/P5). Let n be a positive integer. A Japanese triangle consists of
142+ -4 n circles arranged in an equilateral triangular shape such that for each
i=1,2,...,n, the i row contains exactly i circles, exactly one of which is coloured
red. A ninja path in a Japanese triangle is a sequence of n circles obtained by starting in
the top row, then repeatedly going from a circle to one of the two circles immediately
below it and finishing in the bottom row. Here is an example of a Japanese triangle with
n = 6, along with a ninja path in that triangle containing two red circles.

In terms of n, find the greatest k such that in each Japanese triangle there is a ninja
path containing at least k red circles.

Problem 4 (Unknown). Given n points in the plane, prove that the number of
(unordered) pairs of points which are distance 1 apart is at most %nQ.

Problem 5 (IMO18/P4). A site is any point (x,y) in the plane such that z and y are
both positive integers less than or equal to 20.

Initially, each of the 400 sites is unoccupied. Amy and Ben take turns placing stones
with Amy going first. On her turn, Amy places a new red stone on an unoccupied site
such that the distance between any two sites occupied by red stones is not equal to /5.
On his turn, Ben places a new blue stone on any unoccupied site. (A site occupied by a
blue stone is allowed to be at any distance from any other occupied site.) They stop as
soon as a player cannot place a stone.

Find the greatest K such that Amy can ensure that she places at least K red stones, no
matter how Ben places his blue stones.
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Problem 6 (Well-known). Show that at any party, there are always at least two people
with exactly the same number of friends at the party.

Problem 7 (Unknown). A n x n grid is said to be permutation grid if its entries are all
0’s and 1’s such that there is exactly one 1 in each row and in each column of the grid.
Let G be a n x n grid containing non-negative integer entries such that the sum of
each row is equal and the sum of each column is equal. Prove that G can be written as

the sum of permutation grids. (Addition on grids is performed component-wise.)

Problem 8 (Unknown). Let n be a positive integer. Let S1,.55,...,S, be subsets of
{1,2,...,n} such that for any 1 < k < n, the union of any k of the subsets contains at
least k elements. Prove there there is a permutation (aj,as,...,a,) of (1,2,...,n) such
that a; € S; for each 1 < i < n.

Problem 9 (Unknown). Given n points in the plane with no three collinear, prove that
there exists a set of at least \/n points such that no three points in the set form an
equilateral triangle.

Problem 10 (ISL23/C4). Let n > 2 be a positive integer. Paul has a 1 x n?

rectangular strip consisting of n? unit squares, where the i square is labelled with i for
all 1 < i < n?. He wishes to cut the strip into several pieces, where each piece consists of
a number of consecutive unit squares, and then translate (without rotating or flipping)
the pieces to obtain an n X n square satisfying the following property: if the unit square
in the i*" row and j* column is labelled with a;;, then a;; — (i + j — 1) is divisible by n.

Determine the smallest number of pieces Paul needs to make in order to accomplish this.

Problem 11 (BW24/P9). Let S be a finite set. For a positive integer n, we say that a
function f: S — S is an n-th power if there exists some function g: S — S such that

fl@)=g(g(...g(x)...))

g applied n times

for each x € S.

Suppose that a function f: S — S is an n-th power for each positive integer n. Is it
necessarily true that f(f(z)) = f(z) for each z € S?

Problem 12 (Andreas). Alice and Bob are playing a cooperative game. They have a
deck with some number of pairwise distinct cards. For each pair of cards, one of them
beats the other. However, it is possible that there are, for example, three cards a, b, and
¢ such that a beats b, b beats ¢, and ¢ beats a. (As in the game of Rock-Paper-Scissors.)

In the beginning, the deck is split into two piles in some arbitrary manner, and Alice
and Bob get one pile each. On every turn, Alice and Bob simultaneously uncover the top
cards from their piles, say  and y. The player with the card that beats the other then
collects both z and y and places them at the bottom of his pile, choosing either the
order xy or the order yx. The game ends with a victory for both players when either
player is left with no cards at all.

Prove that Alice and Bob always win the game if they play optimally.



Edvard Walde Heimdal (December 17, 2024) Graphs and Geometry

Problem 13 (IrM094/P10). If a square is partitioned into n convex polygons,
determine the maximum number of edges present in the resulting figure.

Problem 14 (RMM23/P2). Fix an integer n > 3. Let S be a set of n points in the
plane, no three of which are collinear. Given different points A, B, C in S, the triangle
ABC is nice for AB if [ABC] < [ABX] for all X in § different from A and B. (Note
that for a segment AB there could be several nice triangles). A triangle is beautiful if its
vertices are all in & and is nice for at least two of its sides.

Prove that there are at least (n — 1) beautiful triangles.

Problem 15 (IMO19/P3). A social network has 2019 users, some pairs of whom are
friends. Whenever user A is friends with user B, user B is also friends with user A.
Events of the following kind may happen repeatedly, one at a time:

Three users A, B, and C such that A is friends with both B and C, but B and C are
not friends, change their friendship statuses such that B and C' are now friends, but A is
no longer friends with B, and no longer friends with C. All other friendship statuses are
unchanged.

Initially, 1010 users have 1009 friends each, and 1009 users have 1010 friends each. Prove
that there exists a sequence of such events after which each user is friends with at most
one other user.

Problem 16 (IMO20/P3). There are 4n pebbles of weights 1,2,3,...,4n. Each pebble
is coloured in one of n colours and there are four pebbles of each colour. Show that we
can arrange the pebbles into two piles so that the following two conditions are both
satisfied:

e The total weights of both piles are the same.

e Each pile contains two pebbles of each colour.
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S1 Definitions
Definition 1. Let ABC be a triangle. The A-Humpty Point is the point P4 inside
triangle ABC such that

ZBAPy = ZCBPy and LPAAC = LPACB.

This implies the following:

i P4 lies on the A-median

AB  PsB
ii Py lies on the A-appolonius circle, i.e. yroln Pf;T

iii BCPsH is cyclic

iv LZAP4H = 90°

Definition 2. Let ABC be a triangle. The A-Dumpty Point is the point ()4 inside
triangle ABC such that

/QaBA = /ZQ,AC and ZQAAB = ZQCA.
This implies the following
i Q4 lies on the symmedian
ii Q4 is the centre of the spiral homothety AB — CA, i.e. AABQ4 ~ ACAQ
iii BCQAO is cyclic

iv ZAQAO = 90°

B C [r» (N C
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S2 Problems

Problem 1. In triangle ABC, H, O are respectively the orthocentre and circumcentre
respectively. Circle BOC intersects a circle with diameter AO at M. AM intersects
BOC again at X. Similarly BHC intersects circle with diameter AH at N and AN
intersects BHC' second time at Y. Prove that M N || XY

Problem 2. ABC is a triangle. M, N are respectively the midpts of AB, AC. The
perpendicular bisector of AB, AC meet the A median at D, F respectively. BD and CE
meet at F. Prove that A, M, F, N are concyclic.

Problem 3. ABC is a scalene triangle. K,, L,, M, are respectively the intersections BC
with the interior angle bisector,exterior angle bisector and median from A. Circle
AK,L, intersects AM, again at X,. Similarly define X3, X.. Prove that the
circumcentre of X, XX, lies on euler line of ABC.

Problem 4. P is a point inside triangle ABC' such that Z/PAB = ZPBC and
/PAC = ZPCB. The perpendicular bisector of AP meets BC at Q. If O is the
circumcentre of ABC then prove that ZAQP = 2/0QB.

Problem 5. The A symmedian of ABC meets its circumcircle at K. Reflection of K in
BC is K'. Prove that AK’ is a median.

Problem 6. P is a variable point on side BC of triangle ABC. M, N are respectively on
AB, AC such that PM || AC,PN || AB. Prove that as P varies on BC, AM N passes
through a fixed point.

Problem 7. M, N are points on semicircle with diameter AB and centre O. N M meets
AB at X. Circles MBO, NAO meet at K. Prove that XK || KO.

Problem 8. QA is the A dumpty point of ABC. AD is altitude from A on BC. Prove
that DQA bisects the line segment joining the midpoints of AB, AC.

Problem 9. P is point on A symmedian of ABC. O1, O3 are respectively circumcentres
of APB,CAP. If O is circumcentre of ABC, prove that AO bisects O105.

Problem 10. AD is an altitude from A to BC' in triangle ABC. A circle with centre on
AD is tangent externally to BOC at X, where O is circumcentre of ABC'. Prove that
AX is the A symmedian.

Problem 11. An acute triangle ABC' is given and let H be its orthocenter. Let w be the
circle through B, C' and H, and let I be the circle with diameter AH. Let X # H be
the other intersection point of w and I'; and let v be the reflection of I' over AX.

Suppose v and w intersect again at Y # X, and line AH and w intersect again at Z # H.
Show that the circle through A, Y, Z passes through the midpoint of segment BC'.
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§1 Isogonal conjugation

§1.1 Isogonal conjugation in a triangle

First, we consider isogonal conjugation in a triangle.

~N
Theorem 1.1 (Line-conic bijection)
Let ABC be a triangle. Then
(a) There is a bijection of sets:
{Lines not through any vertex of ABC'} +— {Circumconics of ABC'},
given by isogonal conjugation wrt. ABC.
(b) Let P and @ be isogonal conjugates. Then the pedal-circles of P and Q
coincide, and the center of this circle is the midpoint of PQ).
(¢) P and @ are isogonal conjugates iff they are the foci of a conic tangent to the
sides of AABC.
. J
@)
®
/ 0P
M
(a) Perpendicular bisector of BC' (b) Isogonal conjugate pedal circle

Figure 1: A figure with two subfigures

Question? Can you construct a simple tool that draws the isogonal conjugate of a point
wrt. to a triangle?
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§1.2 Clawson-Schmidt conjugation

Theorem 1.2 (Clifford’s theorem)

Let ABCD be a quadrilateral and X any point. Define f(X) = (ABX)N(CDX) #
X and g(X) = (BCX)N(ADX). Then that fog=go f and fo f =id.

Let h = fog. We call h(X) the Clawson-Schmidt conjugate of X or Miquel inverse of
X due to the following (3.):

1. /ZBAX +/XDC = /BX'C and ZXAD + /XBC = ZCX'D iff h(X) = X".
2. If X has an isogonal conjugate, then h(X) is the isogonal conjugate.

3. let [ be the angle bisector of ZAMC', and let ¢ be the composition of inversion
in M with radius vV MA - MC and reflection in [ (this is called Miquel-inversion).
Then ¢ = h. In particular, r = \/MX - Mh(X) is constant.
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§1.3 lIsogonal conjugation in quadrilateral

Interlude on circular points. It is well-known that a conic is uniquely determined
by five points in general position, but it is also known that a circle is determined by
three points in general position. But a circle is a conic, so where are the (5 — 3 = 2) two
other points? Well, they are the circular points I and J with homogeneous coordinates
I'=(1:9:0)and J=(1:—i:0). Here are some facts about these points:

1. They lie on the line at infinity.
2. A conic is a circle iff it passes through I and J.
3. I and J are isogonal conjugates in every triangle.

4. The tangents from I and J to any conic intersect each other in four points, two of
which are the foci of the conic.

Next, we consider isogonal conjugation in a quadrilateral ABC'D. Let E = ABNCD,
F = ADNBC, G = ACNBD, M = (FAD) N (EBC) (its Miquel point) n its
Newton-Gauss line, Py, the point at infinity along n. Recall M and P, are isogonal
conjugates.

\
Theorem 1.3 (Isogonal conjugation in quadrilateral)

The following are equivalent:
(a) P has an isogonal conjugate in ABCD.
(b) The (four) projections of P onto the sides of ABCD are concyclic.

)
)
(¢) P and @ are foci of a conic tangent to the (four) sides of ABCD.
(d) ZAPB = ZCPD (directed)

)

(e) P lies on the (unique) cubic through ABCDEFM P, IJ called the isoptic
cubic of ABCD

If one (and thus all) of the above is satisfied by a point P, then
(i) @ := h(P) is the isogonal conjugate of P,m
(ii) (isogonal lemma 2) A and C' are isogonal conjugates in PBQD

(iii) The midpoint of PQ is on n
- J
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Here is a method to construct/parametrize the isoptic cubic:

Construction of isoptic cubic. Let P be any point and draw the isogonal con-
jugate of P wrt. FAD and EBC, say Py, P», respectively. Then the conics EADM P,
and EBCM P» intersect in two points S7 and Se, respectively. The locus of S7 and Ss is
the isoptic cubic.

Construction of isoptic cubic. Green line is Newton-Gauss line.

Useful lemma. Let P, = FFNAC, P, = EFNBD. X is on EF and Y is its
inverse in (P P;). Line XG cut AB, CD in X;, X5. Line YG cut AD, BC in Y, Ys.
Z =EY1 N XG. Y/ is the inverse of Y7 in (EZ). Then to conic X;X2Y1Y2Y7 is tangent
to sides of ABCD. Extra properties. We list some extra properties of the isoptic
cubic, denoted C

1. The tangents to conic X;XoY1Y2Y] from P, and M intersect in four points on C.
Holds for arbitary isogonal conjugates P, P’, actually.

2. Let X be on C. Then define Y = MX NC, X' = P,,Y NC. Then X and X' are
isogonal conjugates.
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Py

3. The tangents to the isoptic cubic at I and J intersect at M,
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§2 Problems

§2.1 Clawson-schmidt conjugation

Problem 2.1 (IMOSL 2019 G6). Let I be the incentre of acute-angled triangle ABC'.
Let the incircle meet BC,CA, and AB at D, E, and F, respectively. Let line EF' intersect
the circumcircle of the triangle at P and @, such that F' lies between E and P. Prove
that /DPA+ ZAQD = /QIP.

Problem 2.2 (Ukraine TST 2023 P8 Day 2). Circles I and w intersect at two points
A and B, and let D be a random point on circle I'. P, Q lie on I', such that DP, D@
are tangent to w at X, Y, respectively. XY and PQ intersect at Z. Show that the
circumcircle of triangle ABZ is tangent to PQ.

Problem 2.3 (EGMO 2022 P6). Let ABCD be a cyclic quadrilateral with circumcentre
O. Let the internal angle bisectors at A and B meet at X, the internal angle bisectors at
B and C meet at Y, the internal angle bisectors at C' and D meet at Z, and the internal
angle bisectors at D and A meet at W. Further, let AC' and BD meet at P. Suppose
that the points X, Y, Z, W, O and P are distinct. Prove that O, X,Y, Z and W lie on the
same circle if and only if P, X, Y, Z and W lie on the same circle.

Problem 2.4. Let ABC be a triangle with BAC' = 60°. AA;, BBy, CC} are the heights
and NV is the midpoint of B1C;. X is such a point inside, such that ZBX A1 = ZA1XC =
60°. Let Y = (AX A1) N (A1B1Cy) # X. Prove that By bisects LA NY.

Problem 2.5 (China TST). Let ABC be a triangle with circumcenter O and circumcircle
Q. A random circle through A, O intersects AB, AC and Q) at E, F and K, respectively.
Show that the reflection of K in EF is on BC.

Problem 2.6 (TelvCohl). Let ABC be a triangle with incenter I. Let [ be a line that is
tangent to the incircle of ABC'. The reflection of [ in BC, CA, AB are denoted l4, Ip,
lc. Prove that the Miquel point of the quadrilateral formed by {l,14,l5,lc} moves on a
circle when [ moves.

Hint. Let P and @) be fixed points and 71" a point moving on a circle. S is a point
such that ATPQ Z ATQS. Then S moves on a circle as well.

§2.2 lIsogonal conugation in triangle and quad

Problem 2.7 (Baltic Way 2023 P11). Let ABC be triangle with A-excenter J. The
reflection of J in BC is K. The points E and F' are on BJ,CJ such that /ZEAB =
/CAF =90°. Prove that /FKFE + /FJE = 180°.

Problem 2.8 (IMOSL 2023 G3). Let ABCD be a cyclic quadrilateral with ZBAD <
ZADC. Let M be the midpoint of the arc C'D not containing A. Suppose there is a
point P inside ABCD such that ZADB = ZCPD and ZADP = /PCB. Prove that
lines AD, PM, and BC' are concurrent.
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Problem 2.9 (Isogonality lemma). Let ABC be a triangle and (P, @), (R, S) pairs of
isogonal conjugates. Let U = PRNQS, V = PSNQR. Then (U, V) is a pair of isogonal
conjugates and the Miquel point of BCPQ is on (ABC).

Problem 2.10 (Sharygin Finals 2023 10.3). Let w be the circumcircle of triangle ABC,
O be its center, A’ be the point of w opposite to A, and D be a point on a minor arc
BC of w. A point D’ is the reflection of D about BC. The line A’D’ meets w for the
second time at point E. The perpendicular bisector to D'E meets AB and AC' at points
F and G respectively. Prove that ZFOG = 180° — 2/BAC.

Problem 2.11 (USA TSTST 2023 P6). Let ABC be a scalene triangle and let P and @
be two distinct points in its interior. Suppose that the angle bisectors of ZPAQ, Z/PBQ,
and ZPCQ are the altitudes of triangle ABC. Prove that the midpoint of PQ lies on
the Euler line of ABC.

Problem 2.12 (IMOSL 2023 G6). Let ABC be an acute-angled triangle with circumcircle
w. A circle I' is internally tangent to w at A and also tangent to BC at D. Let AB and
AC intersect I at P and @ respectively. Let M and N be points on line BC' such that
B is the midpoint of DM and C' is the midpoint of DN. Lines M P and N meet at
K and intersect I' again at I and J respectively. The ray K A meets the circumcircle of
triangle IJK again at X # K. Prove that /BXP = /CXQ.

Problem 2.13 (All-Russian grade 11 P8). From each vertex of triangle ABC we draw
two rays, red and blue, symmetric about the angle bisector of the corresponding angle.
The circumcircles of triangles formed by the intersection of rays of the same color. Prove
that if the circumcircle of triangle ABC' touches one of these circles then it also touches
to the other one.

Problem 2.14 (IMO 2023 P6). Let ABC be an equilateral triangle. Let Ay, By, C; be
interior points of ABC such that BA; = A1C, CBy = B1A, AC; = C1B, and

/BAC + Z/CB1A + LAC1B = 480°.

Let BC; and C By meet at As, let CA; and ACT meet at By, and let AB; and BA; meet
at Cy. Prove that if triangle A1 B1C] is scalene, then the three circumcircles of triangles
AA1 Ay, BB1 By and C'CCs all pass through two common points.

Problem 2.15 (IMO 2021 P3). Let D be an interior point of the acute triangle ABC
with AB > AC so that LDAB = ZCAD. The point E on the segment AC satisfies
/ADE = /BCD, the point F on the segment AB satisfies /FDA = ZDBC, and the
point X on the line AC satisfies CX = BX. Let O1 and O3 be the circumcenters of
the triangles ADC and EX D, respectively. Prove that the lines BC, EF, and O104 are
concurrent.

Problem 2.16 (USA TSTST 2024 P5). Let ABC be a scalene triangle, and let D be a
point on side BC satisfying /BAD = /DAC. Suppose that X and Y are points inside
ABC such that triangles ABX and ACY are similar and quadrilaterals ACDX and
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ABDY are cyclic. Let lines BX and CY meet at S and lines BY and CX meet at T.
Prove that lines DS and AT are parallel.

Problem 2.17 (RMMSL 2023 G3). A point P is chosen inside a triangle ABC with
circumcircle ). Let I' be the circle passing through the circumcenters of the triangles
APB, BPC,and CPA. Let Q and I intersect at points X and Y. Let () be the reflection
of P in the line XY . Prove that /ZBAP = ZC' AQ.

Problem 2.18 (Geometry marathon P167). B, is the Bevan point of triangle ABC.
X57 is the homothety of execnter triangle and incircle triangle. The orthocentres of
triangles ABB, BCB, and CAB, are Ho Hp and H . Prove that BC, H,X57, HgH¢
are concurrent.

Problem 2.19 (Alberg). Let P and @ be points on the perpendicular bisector of BC' in
AABC s.t. PBCQ is a parallelogram. The isogonal conjugates of P and ) are P’ and
Q'. Prove that PP’ and QQ’ intersect on the Euler line of AABC.

Problem 2.20 (Unknown). A line [ through the incenter of AABC intersects AB and
AC at F and F, respectively. Let P be a variable point on I. BP and C'P intersect
the circumcircle of AABC at B; # B and Cy # C. Lines B1E and C1F intersect at K.
Finally, let @ be the isogonal conjugate of P. Prove that K P passes through a fixed
point.

Problem 2.21 (TelvCohl). Let UV be an arbitrary chord of the circumcircle of AABC
passing through the Exeter point [X(22)]. Prove that the ceva conic of U,V is a
rectangular hyperbola.

Problem 2.22 (IMO 2018 P6). A convex quadrilateral ABC'D satisfies AB - CD =
BC - DA. Point X lies inside ABCD so that

LXAB =/XCD and ZXBC =/XDA.

Prove that /BX A+ ZDXC = 180°.

Problem 2.23 (Russia TST 2020 Day 6 P3). In a convex quadrilateral ABCD, the
lines AB and DC intersect at point P and the lines AD and BC' intersect at point
@. The points E and F' are inside the quadrilateral ABCD such that the circles
(ABE),(CDE),(BCF),(ADF) intersect at one point K. Prove that the circles (PKF')
and (QKFE) intersect a second time on the line PQ.

Problem 2.24 (” A.N.Kolmogorov Memorial Cup” 2022 Final). Given a convex quadrilat-
eral ABCD such that ZABC = ZADC > 90°,AD < AB < AC. Points O, Oy, O., Oy
centers of circles (BCD), (ACD),(ABD),(ABC), and M is the middle of the segment
AC'. The ray M B intersects the circle (ACD) at the point E. The median perpendicular
to BE intersects the bisector of the angle O,0O.Oy4 at the point F', and the outer bisector
of the angle O0,0,04 at the point G. Prove that ZFO,G = ZABC.
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§2.3 Extra problems

Problem 2.25 (Nervy). Let [ be a fixed tangent of a fixed ellipse I'. Let ABC be a
moving triangle whose sides are tangent to I' and whose circumcircle is fixed. [ intersects
AB and AC at F and B, respectively. The points £’ and F’ are the reflections of E and
F in the midpoints of AC and AB, respectively. Prove that E'F’ passes through a fixed
point as ABC varies.

Problem 2.26 (LoloChen). Call the tangents from a triangle’s orthocenter to its incircle
the orthotangents (if they exist). Prove that if one orthotangent of triangle A cuts
a triangle AA; and a quadrilateral, then the other orthotangent is parallel to some
orthotangent of Aj.

Problem 2.27 (Geometry marathon). The major axis [ of an ellipse £ intersects £ at
X and Y. Points A, B, C move on £ such that the incircle if AABC is fixed and has
center I on [. The line Al cuts £ at D. DX and DY cut BC at X’ and Y’. Prove that
X'IY" is right.

Problem 2.28 (TelvCohl). Given AABC. P,Q, R, S are four points on the plane. Let
P’ ,Q' RS be the isogonal point (wrt AABC) of P, @, R, S, respectively. Prove that if
PP = QQ’ RE = SS’ then P, @, R, S forms an orthocentric system.

Problem 2.29 (Final boss). From each vertex of the triangle ABC draw two straight
lines, red and blue, symmetric with respect to the bisector of the corresponding angle.
The red lines form a triangle Ay, and the blue ones As. It turned out that the triangles
A1, Ay are not equal, have a common orthocenter, and their circumcircles do not coincide.
Prove that the circumcircles of the triangles ABC, A1, /s have a point in common.

Problem 2.30 (TelvCohl). Given a AABC with centroid G and (P, Q) be a pair of
isogonal conjugate of AABC such that P,Q ¢ ©(ABC). Let P* be the inverse of P in
®(ABC), X be the intersection of the tangents of ©(ABC), ®(BPC) at A, P, respectively
and define Y, Z, similarly. Prove that

G,Q, P* are collinear <= X,Y, Z are collinear
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Problem 1 (Good to know). 1. Construct a triangle whose Euler line is parallel to a side of that
triangle.

2. Prove that a line splits a triangle into a triangle and a quadrilateral where the ratio of circumfrence
and ratio of area are the same iff the line passes through the incenter of the triangle.

3. Let ABCD be a quadrilateral. Then AB-CD = AD - BC. iff C lies on the A-apollonius circle of
NABD.

Problem 2 (Isodynamic points and Fermat points). Let ABC be a triangle. Then the three apollonius
circles concur at two points, say S1, Sa, called the isodynamic points. Prove that AS, - BC = BS,-CA =
CS, - AB and conclude that the pedal circle of S, is equilateral (z € {1,2}). Next, show that the isogonal
conjugate of S, is F, where F; and F5 are the two Fermat points

A

Problem 3 (AOPS). Let ABC be a right triangle in A, with height AT, T on the hypotenuse BC.
Construct the equilateral triangles AT X and ATY so that X is in the same half-plane as C' with respect
to AT and Y is in the same half-plane as B with respect to AT. Point P is the intersection of CY and
BX. Show that

PA-BC=PB-CA=PC- -AB

https://artofproblemsolving.com/community/q2h3181584p28990011

Problem 4 (BMO 2023 P2). In triangle ABC| the incircle touches sides BC,CA, AB at D, E, F respec-
tively. Assume there exists a point X on the line E'F such that

/ZXBC = /ZXCB = 45°.

Let M be the midpoint of the arc BC' on the circumcircle of ABC not containing A. Prove that the line
M D passes through F or F.

https://artofproblemsolving.com/community/c6h3069479p27703480


https://artofproblemsolving.com/community/q2h3181584p28990011
https://artofproblemsolving.com/community/c6h3069479p27703480
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Problem 5 (RMM 2024 P5). Let BC be a fixed segment in the plane, and let A be a variable point in the
plane not on the line BC'. Distinct points X and Y are chosen on the rays CA™ and BA™, respectively,
such that ZCBX = ZYCB = ZBAC. Assume that the tangents to the circumcircle of ABC at B and
C meet line XY at P and @, respectively, such that the points X, P, Y and @ are pairwise distinct and
lie on the same side of BC'. Let Q; be the circle through X and P centred on BC. Similarly, let Q5 be
the circle through Y and @ centred on BC. Prove that 7 and 5 intersect at two fixed points as A
varies.

https://artofproblemsolving.com/community/c6h3266702p30041431

Problem 6 (Geometry marathon P203.5). In triangle AABC, let ADEF be the triangle formed by the
tangency points of the A-excircle, and let I, be the A-excenter. Suppose that the A-exradius is the same
as the circumradius of AABC. Let K be the foot from D to EF'. Prove that K lies on the Euler line of
ABIAC.

Problem 7 (USEMO 2024 P3). a Let ABC be a triangle with incenter I. Two distinct points P and Q
are chosen on the circumcircle of ABC such that

ZAPI = ZAQI = 45°.

Lines PQ and BC meet at S. Let H denote the foot of the altitude from A to BC. Prove that
JAHI = Z/ISH

https://artofproblemsolving.com/community/c6h3429780_x56_jumpscare


https://artofproblemsolving.com/community/c6h3266702p30041431
https://artofproblemsolving.com/community/c6h3429780_x56_jumpscare
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Problem 8 (India IMOTC 2024 Day 2 Problem 2). Let ABC be an acute angled triangle with AC' > AB
and incircle w. Let w touch the sides BC,CA, and AB at D, E, and F respectively. Let X and Y be
points outside AABC' satisfying
/BDX = /XEA=/YDC = /ZAFY = 45°.
Prove that the circumcircles of AAXY, AAEF and AABC meet at a point Z # A
https://artofproblemsolving.com/community/c6h3330143p30827902

Problem 9 (Own). Let P be a point on the incircle of an equilateral triangle A. Prove that the centers
of all circles passing through P and tangent to exactly to (2) sides of A are colinear.

Problem 10 (0 points on 0 point geometry). Let Ay be an equilateral triangle with incircle w. A point
on w is reflected in the sides of Ay to obtain a new triangle /A;. The same point is then reflected over
the sides of /Ay to obtain another triangle A\y. Prove that the circumcircle of A5 is tangent to w and to
the circumcircle of Ag.

https://artofproblemsolving.com/community/c6h3331068p30837851

Problem 11 (Sharygin Finals 2023 10.8). A triangle ABC'is given. Let w1, wa, w3, wy be circles centered
at points X, Y, Z, T respectively such that each of lines BC, C' A, AB cuts off on them four equal chords.
Prove that the centroid of ABC divides the segment joining X and the radical center of ws, w3, wy in
the ratio 2 : 1 from X.


https://artofproblemsolving.com/community/c6h3330143p30827902
https://artofproblemsolving.com/community/c6h3331068p30837851
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Problem 12 (Iran tst 2024 - P12). For a triangle AABC with an obtuse angle ZA | let E, F be feet
of altitudes from B, C on sides AC, AB respectively. The tangents from B, C to circumcircle of triangle
ANABC intersect line EF at points K, L respectively and we know that ZCLB = 135. Point R lies on
segment BK in such a way that KR = KL and let S be a point on line BK such that K is between B, S
and ZBLS = 135. Prove that the circle with diameter RS is tangent to circumcircle of triangle AABC.

https://artofproblemsolving.com/community/c6h3322989p30739950

Problem 13 (USA TSTST 2023 P8). Let ABC be an equilateral triangle with side length 1. Points A4;
and As are chosen on side BC, points B; and Bs are chosen on side C A, and points C; and Cs are chosen
on side AB such that BA; < BAy, CBy < CBsy, and AC7 < AC5. Suppose that the three line segments
B1Cs, C1 A5, A1 By are concurrent, and the perimeters of triangles AB>Cy, BCs Ay, and C' A3 B are all
equal. Find all possible values of this common perimeter.

https://artofproblemsolving.com/community/c6h3098736p28015680

Problem 14 (China MO 2023 P2). Let AABC be an equilateral triangle of side length 1. Let D, E, F
be points on BC, AC, AB respectively, such that [2)—5 = % = %. Let X, Y, Z be on lines BC, CA,

AB respectively, such that XY | DE,YZ 1 EF, ZX 1 FD. Find all possible values of ﬁ + ﬁ

https://artofproblemsolving.com/community/c6h2985926p26781959

Problem 15 ("My friend Giabach298”). Given an acute, non-isosceles triangle AABC and let X €
{H,O} where H and O are the orthocenter and circumcenter, respectively. Let Ap, Ac be on AB, AC
such that AX AgA¢ is an equilateral triangle, and let Ag be the midpoint of AgA¢. Define By, Cy in a
similar way. Prove that the orthocenter of AAyByCy lies on the Euler line of AABC.

https://artofproblemsolving.com/community/q1h3393902p32488312


https://artofproblemsolving.com/community/c6h3322989p30739950
https://artofproblemsolving.com/community/c6h3098736p28015680
https://artofproblemsolving.com/community/c6h2985926p26781959
https://artofproblemsolving.com/community/q1h3393902p32488312
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Games

Greta Morkuné, RMM training camp
2024.12.16

Problem 1. The number N is the product of k different primes (k > 3). A and B take turns writing composite divisors of
N on a board, according to the following rules. One may not write N. Also, there may never appear two coprime numbers or
two numbers, one of which divides the other. The first player unable to move loses. If A starts, who has the winning strategy?

Problem 2. Alice and Bob play a game on a 6 by 6 grid. On his or her turn, a player chooses a rational number not yet
appearing on the grid and writes it in an empty square of the grid. Alice goes first, and then the players alternate. When all
squares have numbers written in them, in each row, the square with the greatest number in that row is colored black. Alice
wins if she can then draw a line from the top of the grid to the bottom of the grid that stays in black squares, and Bob wins
if she can’t. (If two squares share a vertex, Alice can draw a line from one to the other that stays in those two squares.) Find,
with proof, a winning strategy for one of the players.

Problem 3. The SOS Game is played on a 1 x 2000 grid as follows. Two players in turn write either an S or an O in
an empty square. The first player who produces three consecutive boxes that spell SOS wins. If all boxes are filled without
producing SOS then the game is a draw. Prove that the second player has a winning strategy.

Problem 4. Alice and Bob play the following game. First, Alice writes a permutation of the numbers from 1 to n, where
n is some fixed positive integer such that n > 1. In each player’s turn, he or she must write a sequence of numbers that has
not been written yet such that either:

e The sequence is a permutation of the sequence written by the previous player, or
e The sequence is obtained by deleting one number from the previous player’s sequence.

The player who cannot write down a sequence loses. Determine who has a winning strategy.

Problem 5. A and B play a game, given an integer N, A writes down 1 first, then every player sees the last number written
and if it is » then in his turn he writes n+ 1 or 2n, but his number cannot be bigger than N. The player who writes N wins.
For which values of N does B win?

Problem 6. Five identical empty buckets of 2-liter capacity stand at the vertices of a regular pentagon. Cinderella and
her wicked Stepmother go through a sequence of rounds: At the beginning of every round, the Stepmother takes one liter of
water from the nearby river and distributes it arbitrarily over the five buckets. Then Cinderella chooses a pair of neighbouring
buckets, empties them to the river and puts them back. Then the next round begins. The Stepmother goal’s is to make one
of these buckets overflow. Cinderella’s goal is to prevent this. Can the wicked Stepmother enforce a bucket overflow?

Problem 7. For positive integers ¢, a,b, a (t,a,b)-game is a two player game defined by the following rules. Initially, the
number ¢ is written on a blackboard. At his first move, the 1st player replaces ¢t with either ¢t — a or ¢ — b. Then, the 2nd
player subtracts either a or b from this number, and writes the result on the blackboard, erasing the old number. After this,
the first player once again subtracts either a or b from the number written on the blackboard, and so on. The player who
first reaches a negative number loses the game. Prove that there exist infinitely many values of ¢ for which the first player
has a winning strategy for all pairs (a,b) with a + b = 2005.

Problem 8. Let k > 2 Alice and Bob play the following game. To start, Alice arranges the numbers 1,2,...,n in some
order in a row and then Bob chooses one of the numbers and places a pebble on it. A player’s turn consists of picking up and
placing the pebble on an adjacent number under the restriction that the pebble can be placed on the number k at most k
times. The two players alternate taking turns beginning with Alice. The first player who cannot make a move loses. For each
positive integer n, determine who has a winning strategy.
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Sets and sequences

Greta Morkuné, RMM training camp
2024.12.15

Problem 1. The infinite sequence r1,rs, ... of rational numbers it satisfies that: Hle ri = Zle r; for all natural k. Show

that = — % is a square of rational number for all natural n > 3

Problem 2. Let A be a set of positive integers satisfying the following :
a.) If n € A, then n < 2018.
b.) If S C A such that |S| = 3, then there exists m,n € S such that |n —m| > /n++/m
What is the maximum cardinality of A ?

Problem 3. Let (a,)n,>1 be a sequence of positive real numbers with the property that
(an+1)2 + AnAn4-2 S anp, + Ap42
for all positive integers n. Show that asges < 1.

Problem 4. Let ag, by be positive integers, and define a;41 = a; + [v/b;] and b;41 = b; + |[/a;| for all i > 0. Show that
there exists a positive integer n such that a,, = b,,.

Problem 5. Let n be a natural number. We will call a sequence boring if
lxa; <2x%xay<...<nx*xa,
How many sequences made of 1,2, 3, ...,n permutations are boring?

Problem 6. Show that r = 2 is the largest real number r which satisfies the following condition:
If a sequence a1, as, ... of positive integers fulfills the inequalities

ap < Apyo < Va2 + a4
for every positive integer n, then there exists a positive integer M such that a, 42 = a, for every n > M.

Problem 7. Let n be an integer greater than two, and let Ay, As,---, Ay, be pairwise distinct subsets of {1,2,,n}.
Determine the maximum value of
Z [Ai N Aiq]
|Ail - [Aiga]

Where Ay, 11 = Ay and | X| denote the number of elements in X.

Problem 8. Let k£ > 2 be an integer. Find the smallest integer n > k + 1 with the property that there exists a set of n
distinct real numbers such that each of its elements can be written as a sum of k& other distinct elements of the set.

Problem 9. Given any set .S of positive integers, show that at least one of the following two assertions holds:
(1) There exist distinct finite subsets F' and G of S such that ) .1/ =3 . 1/x;
(2) There exists a positive rational number r < 1 such that ) __, 1/x # r for all finite subsets F of S.

Problem 10. Let n > 2 be a positive integer and aq, as, ..., a, be real numbers such that
a;+ax+---+a, =0.

Define the set A by
A={(i,j)1<i<j<nla; —a;| >1}

Z a;a; < 0.

(1,7)€A

Prove that, if A is not empty, then

Problem 11. Let a and b be positive integers, and let A and B be finite sets of integers satisfying (i) A and B are disjoint;
(ii) if an integer 7 belongs to either to A or to B, then either i+ a belongs to A or i — b belongs to B. Prove that a|A| = b|B].
(Here | X| denotes the number of elements in the set X.)
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