Problem 1. Find all polynomials with real coeflicients such that one can find an integer valued series ag, a1, ... satisfying
|P(z)] = a|42) for all z real numbers.

Problem 2. Let z, y, and z be real numbers such that x < y < z < 6. Solve the system of inequalities:

1 1
+ <2
y—r z-y
+2<zx
6— 2 -
Problem 3. Positive reals a1, as, ... satisfying
® a,11=a?-ad}-.. a2 — 3 (for all positive integers n)

o (a1 ++/az — 1) is a positive integer.
Prove that %(al <@g+ ... ap + v/an+1 — 1) is a positive integer.
Problem 4. Let f be a quadratic function which satisfies the following condition. For two distinct real numbers a, b, if
f(a) = f(b), then f(a® —6b—1) = f(b*>+8)/. Find the value of %.
Problem 5. Prove the following inequality where positive reals a, b, ¢ satisfies ab + bc + ca = 1.
+0b b+ + 2
a L c n c+a < i
Vab(l —ab)  /be(1 —bc)  +/ca(l —ca) ~ abc
Problem 6. There are seven cards in a hat, and on the card & there is a number 251, k = 1,2, ..., 7. Solarin picks the cards

up at random from the hat, one card at a time, until the sum of the numbers on cards in his hand exceeds 124. What is the
most probable sum he can get?

Problem 7. The cells of an n x n board with n > 5 are coloured black or white so that no three adjacent squares in a
row, column or diagonal are the same colour. Show that for any 3 x 3 square within the board, two of its corner squares are
coloured black and two are coloured white.

Problem 8. Given a graph with 99 vertices and degrees in {81,82,...,90}, prove that there exist 10 vertices of this graph
with equal degrees and a common neighbour.

Problem 9. Seyed has 998 white coins, a red coin, and an unusual coin with one red side and one white side. He can not
see the color of the coins instead he has a scanner which checks if all of the coin sides touching the scanner glass are white.
Is there any algorithm to find the red coin by using the scanner at most 17 times?

Problem 10. The edges of a graph with 2n vertices (n > 4) are colored in blue and red such that there is no blue triangle
and there is no red complete subgraph with n vertices. Find the least possible number of blue edges.

Problem 11. Prove that if there exists a point P inside the convex quadrilateral ABC D such that the triangles PAB,
PBC, PCD, PDA have the same area, then one of the diagonals of ABC D bisects the area of the quadrilateral.

Problem 12. A convex hexagon ABCDEF is such that
AB=BC CD=DFE EF=FA

and
LABC =2/AEC /ZCDE =2/CAE /EFA=2/ACFE

Show that AD, CF and EB are concurrent.

Problem 13. Let ABC be a triangle, and D, E, I points on the segments BC, C'A, and AB respectively such that

BD _CE _AF

DC EA FB’
Show that if the centres of the circumscribed circles of the triangles DEF and ABC coincide, then ABC' is an equilateral
triangle.

Problem 14. Let ABC be an acute triangle.A circle with diameter BC meets AB and AC at F and Frespectively. M
is midpoint of BC' and P is point of intersection AM with EF. X is an arbitary point on arc FF and Y is the second
intersection of X P with a circle with diameter BC.Prove that { XAY = A XY M.
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Problem 15. In the Quadrilateral ABC'D we have £ B = £D = 60°.M is midpoint of side AD.The line through M parallel
to C'D meets BC' at P.Point X lying on C'D such that BX = M X .Prove that AB = BP if and only if {MXB = 60°.

Problem 16. Let k be a positive integer. Consider k not necessarily distinct prime numbers such that their product is ten
times their sum. What are these primes and what is the value of k7

Problem 17. Find all positive integer pairs (z,y) satisfying the following equation:
3-8 =2zy+1
Problem 18. For a positive integer n denote d(n) its greatest odd divisor. Find the value of the sum
d(1008) + d(1009) + ... + d(2015)

Problem 19. Find all pairs of prime numbers p, q(p < ¢) satisfying the following condition: There exists a natural number
n such that 2" + 3" + -+ + (2pg — 1)™ is a multiple of 2pq.

Problem 20. Let p = 4k + 3 be a prime number. Find the number of different residues mod p of (2% + 3?)? where
(z,p) = (y,p) = 1.
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Problem 1. Determine all functions f : R — R satisfying f(z 4+ y) < f(z) + f(y) <z 4y for all z,y € R.

Problem 2. {a,} is a sequence of natural numbers satisfying the following inequality for all natural number n:

1 1
(a1 +---+ay) (+~~~+> <n?+2019
aq Qp,
Prove that {a,} is constant.

Problem 3. Find all functions f : R — R which satisfies the followings. (Note that R stands for the set of all real numbers)
(1) For each real numbers x, y, the equality f(z + f(z) + xy) = 2f(z) + = f(y) holds.
(2) For every real number z, there exists « such that f(z) = z.

Problem 4. Real numbers a, b, ¢ which are differ from 1 satisfies the following conditions;

(1) abe =1
(2) a® +b% + 2 — i+1+l =8(a+ b+ c) — 8(ab+ bc + ca)
a c 2 peta) =8 c a ¢+ ca
1 1
Find all possible values of expression + + .
a—1 b—-1 c¢c—1
Problem 5. If positive reals 1,22, - -+ ,z, satisfy ., #; = 1. Prove that

Problem 6. In a soccer league with 2020 teams every two team have played exactly once and no game have lead to a draw.
The participating teams are ordered first by their points (3 points for a win, 0 points for a loss) then by their goal difference
(goals scored minus goals against) in a normal soccer table. Is it possible for the goal difference in such table to be strictly
increasing from the top to the bottom?

Problem 7. 11 students take a test. For any two question in a test, there are at least 6 students who solved exactly one of
those two questions. Prove that there are no more than 12 questions in this test. Showing the equality case is not needed.

Problem 8. In the lake, there are 23 stones arranged along a circle. There are 22 frogs numbered 1,2, --- ;22 (each number
appears once). Initially, each frog randomly sits on a stone (several frogs might sit on the same stone). Every minute, all frogs
jump at the same time as follows: the frog number 7 jumps ¢ stones forward in the clockwise direction. (In particular, the
frog number 22 jumps 1 stone in the counter-clockwise direction.) Prove that at some point, at least 6 stones will be empty.

Problem 9. We are given a map divided into 13 x 13 fields. It is also known that at one of the fields a tank of the enemy is
stationed, which we must destroy. To achieve this we need to hit it twice with shots aimed at the centre of some field. When
the tank gets hit it gets moved to a neighbouring field out of precaution. At least how many shots must we fire, so that the
tank gets destroyed certainly? We can neither see the tank, nor get any other feedback regarding its position.

Problem 10. In a group of nine persons it is not possible to choose four persons such that every one knows the three others.
Prove that this group of nine persons can be partitioned into four groups such that nobody knows anyone from his or her

group.

Problem 11. A line through point P outside of circle O meets the said circle at B,C (PB < PC). Let PO meet circle O
at Q, D (with PQ < PD). Let the line passing Q and perpendicular to BC meet circle O at A. If BD? = AD - CP, prove
that PA is a tangent to O.

Problem 12. Let ABCD be a cyclic quadrilateral inscirbed in circle O. Let the tangent to O at A meet BC at S, and the
tangent to O at B meet C'D at T. Circle with S as its center and passing A meets BC at F, and AE meets O again at
F(# A). The circle with T as its center and passing B meets CD at K. Let P = BK N AC. Prove that P, F, D are collinear
if and only if AB = AP.

Problem 13. A non-isosceles triangle AABC has its incircle tangent to BC,C A, AB at points D, E, F'. Let the incenter be
1. Say AD hits the incircle again at G, at let the tangent to the incircle at G hit AC at H. Let ITH N AD = K, and let the
foot of the perpendicular from I to AD be L.

Prove that IF - IK =1C - IL.

Problem 14. In triangle ABC, (AB # AC), let the orthocenter be H, circumcenter be O, and the midpoint of BC be M.
Let HM N AO = D. Let P,Q, R, S be the midpoints of AB, CD, AC, BD. Let X = PQ N RS. Find AH/OX.
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Problem 15. In acute triangle AABC, BC > AC, T is its circumcircle, D is a point on segment AC' and F is the intersection
of the circle with diameter CD and I'. M is the midpoint of AB and CM meets [' again at Q). The tangents to I at A, B
meet at P, and H is the foot of perpendicular from P to BQ. K is a point on line H(Q such that () lies between H and K.
Prove that ZHK P = ZACE if and only if 5% = $5.

Problem 16. Find all positive integer N which has not less than 4 positive divisors, such that the sum of squares of the 4
smallest positive divisors of N is equal to N.

Problem 17. n € Nt Prove that the following equation can be expressed as a polynomial about n.

[2vi] + [2v2] + [2v3] + . + [2vin2]
Problem 18. Let z,y be positive integers such that ged(z,y) = 1 and z + 3y? is a perfect square. Prove that 2% + 9y* can’t
be a perfect square.

Problem 19. Denote with d(a,b) the numbers of the divisors of natural a, which are greater or equal to b. Find all natural
n, for which d(3n +1,1) +d(3n + 2,2) + ... 4+ d(4n,n) = 2006.

Problem 20. In natural numbers m,n Solve : n(n + 1)(n + 2)(n + 3) = m(m + 1)%(m + 2)3(m + 3)4
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Problem 1. Let n > 0 be an integer, and let ag,ay,...,a, be real numbers. Show that there exists k € {0,1,...,n} such
that
ap + a17 + agz® + - +apz™ <ag+ay+ -+ ag

for all real numbers x € [0, 1].

Problem 2. This problem consists of two parts.
(a) Prove that for all a,b,¢,d € R with a+b+c+d =0,

max(a, b) + max(a, ¢) + max(a, d) + max(b, ¢) + max(b, d) + max(c,d) > 0.

(b) Find the largest non-negative integer k such that it is possible to replace k of the six maxima in this inequality by
minima in such a way that the inequality still holds for all a,b,c,d € R with a+b+c+d = 0.

Problem 3. Find all functions f: R — R such that (z — y) (f(z) + f(y)) < f(x2 — y2) for all z,y € R.

Problem 4. Let N be the set of all positive integers. A subset A of N is [i]sum-free[/i] if, whenever z and y are (not
necessarily distinct) members of A, their sum « + y does not belong to A. Determine all surjective functions f : N — N such
that, for each sum-free subset A of N, the image {f(a) : a € A} is also sum-free.

Problem 5. Let P,Q, R, S be non constant polynomials with real coefficients, such that P(Q(z)) = R(S(x)) and the degree
of P is multiple of the degree of R. Prove that there exists a polynomial T with real coefficients such that

Problem 6. Determine all integers k > 1 with the following property: given k different colours, if each integer is coloured
in one of these k colours, then there must exist integers a; < as < -+ < agp23 of the same colour such that the differences
az — ai,a3 — az,...,a023 — a2022 are all powers of 2.

Problem 7. Pebbles are placed on the squares of a 2021 x 2021 board in such a way that each square contains at most one
pebble. The pebble set of a square of the board is the collection of all pebbles which are in the same row or column as this
square. (A pebble belongs to the pebble set of the square in which it is placed.) What is the least possible number of pebbles
on the board if no two squares have the same pebble set?

Problem 8. Let n be a positive integer. There are n ants walking along a line at constant nonzero speeds. Different ants
need not walk at the same speed or walk in the same direction. Whenever two or more ants collide, all the ants involved in
this collision instantly change directions. (Different ants need not be moving in opposite directions when they collide, since a
faster ant may catch up with a slower one that is moving in the same direction.) The ants keep walking indefinitely. Assuming
that the total number of collisions is finite, determine the largest possible number of collisions in terms of n.

Problem 9. Consider an integer n > 2 and write the numbers 1,2, ..., n down on a board. A move consists in erasing any
two numbers a and b, then writing down the numbers a + b and |a — b| on the board, and then removing repetitions (e.g.,
if the board contained the numbers 2,5,7, 8, then one could choose the numbers a = 5 and b = 7, obtaining the board with
numbers 2,8, 12). For all integers n > 2, determine whether it is possible to be left with exactly two numbers on the board
after a finite number of moves.

Problem 10. Fix an integer n > 3. Let S be a set of n points in the plane, no three of which are collinear. Given different
points A, B,C in S, the triangle ABC is [i|nice[/i] for AB if [ABC] < [ABX] for all X in S different from A and B. (Note
that for a segment AB there could be several nice triangles). A triangle is [i] beautiful [/i] if its vertices are all in S and is
nice for at least two of its sides.

Prove that there are at least 1(n — 1) beautiful triangles.

Problem 11. Let ABC be a scalene acute triangle. Let By be the point on ray [AC such that |AB;| = |BBj|. Let C; be
the point on ray [AB such that |AC;| = |CC|. Let By and Cy be the points on line BC such that |[AB3| = |CBg| and
|BC3| = |AC3|. Prove that By, Cq, Bs, Cs are concyclic.

Problem 12. Let ABC be a triangle with incentre I and circumcircle w. Let N denote the second point of intersection of
line AT and w. The line through I perpendicular to AT intersects line BC, segment [AB], and segment [AC] at the points D,
E, and F, respectively. The circumcircle of triangle AEF meets w again at P, and lines PN and BC intersect at ). Prove
that lines IQ) and DN intersect on w.

Problem 13. An acute triangle ABC is given and H and O be its orthocenter and circumcenter respectively. Let K be the
midpoint of AH and ¢ be a line through O. Let P and @ be the projections of B and C on {. Prove that

KP+KQ > BC
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Problem 14. Let T1,T5,T5, Ty be pairwise distinct collinear points such that T3 lies between T and T3, and T35 lies between
Ty and T4. Let wy be a circle through 77 and Ty; let wo be the circle through 75 and internally tangent to wy at 77; let w3 be
the circle through T3 and externally tangent to ws at T5; and let wy be the circle through T, and externally tangent to ws at
T5. A line crosses wy at P and W, wo at Q and R, w3 at S and T, and wy at U and V', the order of these points along the
line being P,Q, R, S,T,U,V,W. Prove that PQ +TU = RS+ VW.

Problem 15. Let ABCD be an isosceles trapezoid with AB || CD. Let E be the midpoint of AC. Denote by w and 2 the
circumcircles of the triangles ABE and CDE, respectively. Let P be the crossing point of the tangent to w at A with the
tangent to Q at D. Prove that PE is tangent to ().

Problem 16. A positive integer n is friendly if the difference of each pair of neighbouring digits of n, written in base 10, is
exactly 1. For example, 6787 is friendly, but 211 and 901 are not.
Find all odd natural numbers m for which there exists a friendly integer divisible by 64m.

Problem 17. A subset A of the natural numbers N = {0,1,2,...} is called [i]good]/i] if every integer n > 0 has at most
one prime divisor p such that n —p € A. (a) Show that the set S = {0,1,4,9,...} of perfect squares is good. (b) Find an
infinite good set disjoint from S. (Two sets are disjoint if they have no common elements.)

Problem 18. A divisor d of a positive integer n is said to be a |iJclose|/i| divisor of n if v/n < d < 24/n. Does there exist a
positive integer with exactly 2020 close divisors?

Problem 19. Ana and Ben play the following game. Ana thinks of a positive integer N not exceeding 5000. Then she fixes
20 distinct positive integers ai,as, - - , agg such that, for each k =1,2,--- , 20, the numbers N and a; are congruent modulo
k. By a move, Ben tells Ana a set S of positive integers not exceeding 20, and she tells him back the set {ay : k € S} without
spelling out which number corresponds to which index. How many moves does Ben need to determine for sure the number
Xenia thought of?

Problem 20. Determine all prime numbers p and all positive integers x and y satisfying

2® +y° = plzy + p).
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Problem 1. Find all functions f : Z — Z such that
flm+n)+ f(m)f(n) = n®(f(m) + 1) +m?(f(n) + 1) +mn(2 — mn)
holds for all m,n € Z.

Problem 2. Let (a;);en be a sequence with a; = % such that a,1 =1+ .
Find n such that 2023 < a,, < 2024.

Problem 3. Find all pairs of polynomials (p, ¢) with integer coefficients that satisfy the equation

p(a?) + q(2?) = p(x)q(z)
such that p is of degree n and has n nonnegative real roots (with multiplicity).

Problem 4. Indians find those sequences on non-negative real numbers xg, z1,... mystical that satisfy xq < 2023, 2,41 =
|2; |[{z;} for every i > 0, furthermore the sequence contains an integer different from 0. How many sequences are mystical
according to the Indians?

Problem 5. Let z,y, z denote positive real numbers for which z +y + z =1 and « > yz, y > zz, z > xy. Prove that

2 2 2
T —yz —zz z—x
) 1 (Y + YY) <1
T+ yz Y+ zx zZ+xy
Problem 6. Albert and Beatrice play a game. 2023 stones lie on a table. Starting with Albert, they alternatively remove
stones from the table, while obeying the following rule. At the n-th turn, the active player (Albert if n is odd, Beatrice if n
is even) can remove from 1 to n stones. Thus, Albert first removes 1 stone; then, Beatrice can remove 1 or 2 stones, as she

wishes; then, Albert can remove from 1 to 3 stones, and so on. The player who removes the last stone on the table loses, and
the other one wins. Which player has a strategy to win regardless of the other player’s moves?

Problem 7. a) 11 kayakers row on a river from point A to B. They do not necessarily start at the same time, but we know
that thay all take the same route and that each kayaker rows with a constant speed. Whenever a kayaker passes another
one, they do a high five. After they all arrive, everybody claims to have done precisely 10 high fives in total. Show that it is
possible for the kayakers to have rowed in such a way that this is true.

b) At a different occasion 13 kayakers rowed in the same manner, now after arrival everybody claims to have done precisely
6 high fives. Prove that at least one kayaker has miscounted.

Problem 8. a) We have a 3 x 3 table with numbers 1 to 9 written in increasing order. We are playing the following game
on this table. In each move we select a row or a column of the table, reduce two neighboring numbers in that row or column
by 1 and increase the third one by 1. After some of these moves can we get to a table with all the same entries?

b) This time we have the choice to arrange the integers from 1 to 9 in the 3 x 3 table. Still using the same moves now our
aim is to create a table with all the same entries, maximising the value of the entries. What is the highest possible number
we can achieve?

Problem 9. Every point in the plane was colored red or blue.
Prove that one the two following statements is true:

e there exist two red points at distance 1 from each other;

e there exist four blue points By, Ba, Bs, By such that the points B; and B; are at distance |¢ — j| from each other, for
all integers 7 and j suchas 1 <i<4and 1 <j <4.

Problem 10. Anne has thought of a finite set A C R2. Bob does not know how many elements A has, but his goal is to
completely determine A. To achieve this, Bob can choose any point b € R? and ask Anne how far it is from A. Anne replies
with the distance, defined as min{d(a,b)|a € A}. (Here d(a,b) denotes the distance between points a,b € R?.) Bob can ask
as many questions of this type as he wants, until he can determine A with certainty.

a) Can Bob achieve his goal with finitely many questions?

b) What if Anne tells Bob in advance that all points of A have both coordinates in the interval [0,1]?

Note: R? is the set of points in the plane.

Problem 11. Let ABC be a triangle, and D the intersection of the angle bisector of ZBAC and the perpendicular bisector
of AC. The line parallel to AC passing by the point B intersects the line AD at X. The line parallel to CX passing by the
point B intersects AC at Y. E is the second intersection of ®(AY B) and BX. Prove that C, D and E are collinear.



Problem 12. Let ABC be an acute triangle where AC' > BC'. Let T denote the foot of the altitude from vertex C, denote
the circumcentre of the triangle by O. Show that quadrilaterals ATOC and BTOC have equal area.

Problem 13. Given a semicircle with center O an arbitrary inner point of the diameter divides it into two segments. Let
there be semicircles above the two segments as visible in the below figure. The line e passing through the point A intersects
the semicircles in 4 points: B,C, D and E. Show that the segments BC and DFE have the same length.

Problem 14. I, are the incenter and the circumcircle of triangle ABC) respectively, and the tangents of B, C to 2 intersect
at L. Assume that P = C is a point on 2 such that C'I, AP, and the circle with center L and radius LC' are concurrent. Let
the foot from I to AB be F', the midpoint of BC' be M, X is a point on Q s.t. AI, BC, PX are concurrent. Prove that the
lines AI, AX, M F form an isosceles triangle.

Problem 15. Let ABC be a scalene triangle with I be its incenter. The incircle touches BC, CA, AB at D, E, F,
respectively. Y, Z are the midpoints of DF', DE respectively, and S, V are the intersections of lines YZ and BC, AD,
respectively. T is the second intersection of ®(ABC) and AS. K is the foot from I to AT. Prove that K'V is parallel to DT.

Problem 16. Find all the integers n > 1 such that |/n] | n.

Problem 17. Find the smallest integer n > 1 such that the equation a? + b2 + ¢? — nd? = 0 has (0,0, 0, 0) as unique integer
solution.

Problem 18. Find all the integers z, y and z greater than or equal to 0 such that 2% 4+ 9 - 7Y = 23,

Problem 19. For each integer n > 2, let f(n) denote the sum of all positive integers that are at most n and are not relatively
prime to n. Prove that f(n + p) # f(n) for each such n and every prime p not dividing n.

Problem 20. Determine all triples of positive integers a, b, c that satisfy

a) [a,b] + [a,c] + [b,¢] = [a, b, ]

b) [a,b] + [a,c] + [b,c] = [a,b, ] + (a,b,¢)

Remark: here [z,y] denotes the least common multiple of positive integers z and y, and (x,y) denotes their greatest
common divisor.



